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a b s t r a c t

Ion motion with auxiliary dipole excitation and collisional damping in a linear radiofrequency quadrupole
ion trap incorporating small amounts of even higher order multipoles is studied analytically. The ion
motion is modeled in a pseudopotential that is mostly quadratic with small amounts of higher spatial
harmonics. Ion motion along x and y axes is characterized by two uncoupled forced and damped anhar-
monic oscillator equations. A multiple time scales method is used to solve the equations of motion of
ions with a first order perturbation correction. Analytical relations between the oscillation amplitudes at
steady state (the stationary amplitudes) and excitation frequency are calculated. The frequency response
curves show that in some cases bistable behavior might be obtained, i.e., there are two stable stationary
amplitudes for a given excitation frequency.

Crown Copyright © 2008 Published by Elsevier B.V. All rights reserved.

1. Introduction

Practical quadrupole rf ion traps, either 3D traps with hyperbolic electrodes or 2D linear ion traps with four parallel electrodes, have
distortions to the field. These distortions are introduced by the truncation of the electrodes, the use of round rather than hyperbolic
electrodes, and possible construction errors in the electrode spacings or geometries. Field distortions add small nonlinear electric field
components to the linear field of the quadrupole in the trapping region. For a linear quadrupole, the potential with distortions can be
written as a weighted sum of multipoles [1]:

˚(xr, yr) = Re

[ ∞∑
n=0

An

(
xr + iyr

r0

)n
]

(1)

with a time dependent potential

V(xr, yr, tr) = [U − Vrf cos(˝tr + ϕ0)]˚(xr, yr), (2)

where An is the dimensionless amplitude of a multipole, xr , yr are Cartesian coordinates, tr is time, U is an applied dc voltage, Vrf, ˝, and
ϕ0 are the zero to peak amplitude, the angular frequency, and the initial phase of an applied rf voltage, and r0 is the field radius of the
quadrupole. Re[F] is the real part of the function F(xr + iyr), and i2 = −1. Analytical expressions for the multipoles are given by Szilagyi [2].

The performance of an ion trap or a mass filter can be improved by deliberately introducing and controlling suitable multipole fields. For
instance, a 3D ion trap with infinite hyperbolic electrodes that satisfy the condition r0 =

√
2z0, where r0 and z0 are distances from the trap

center to the ring and end cap electrodes respectively, generates a quadrupole field at the center of the ion trap. However, the truncation
of the electrodes for a practical ion trap results in the addition of a negative octopole (relative to the quadrupole field), which delays ion
ejection during mass selective instability scans [3]. Both the stretched geometry [4] and the modified hyperbolic angle [5]3D ion traps were
introduced to counteract the deleterious effects of the octopole. With these changes, a larger positive octopole field is introduced in these
ion traps [6]. This added octopole field can lead to faster ion ejection, either at a stability boundary [7,8] or with resonant excitation [9], to
give higher resolution with mass selective instability scans [3]. Miniature ion traps, such as rectilinear ion traps [10], cylindrical ion traps
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[11], and the halo ion trap [12], also have higher order multipoles in their trapping regions. For a linear quadrupole mass filter constructed
with round rods, improved peak shape is achieved by choosing a ratio of rod radius to field radius that properly balances the amplitudes
A6 and A10 [13,14], rather than making the amplitude A6 zero [15].

Higher order fields present in 3D ion traps [16] and linear traps can increase fragmentation efficiency. Collings et al. observed relatively
high MS/MS efficiency with a linear quadrupole trap operated at a pressure of 3.5 × 10−5 Torr, and attributed this to the higher multipoles
present in the field of a round rod quadrupole compared to a quadrupole with an ideal field [17]. Collings also showed that a dc octopole
field added with auxiliary electrodes can improve MS/MS efficiency [18]. Michaud et al. [19] showed that adding a 4% octopole field (i.e.,
A4/A2 = 0.04) to a linear quadrupole can substantially improve fragmentation efficiency for MS/MS, especially at pressures of 10−4 Torr or
less of N2.

Sudakov and Douglas [20] showed a small amplitude octopole field can be added to a linear quadrupole constructed with round rods by
making one pair of the electrodes larger in diameter than the other pair, with all rods equally spaced from the central axis. Later Konenkov
et al. [21] described methods of adding a hexapole field to a linear quadrupole constructed with round rods. These methods also add other
higher multipoles to the potential.

The presence of a higher multipole field in an ion trap introduces nonlinear ion dynamics. For instance, the ion motion with dipolar
excitation and collisional damping is like that of a damped and forced anharmonic oscillator. The oscillation frequency depends on the
oscillation amplitude. This can result in a multivalued dependence of the oscillation amplitude on the excitation frequency [22,23]. For some
excitation frequencies, there may exist more than one amplitude. When two stable amplitudes exist for one excitation frequency, we refer
to this as bistability. If the excitation frequency is scanned, sudden large changes in ion oscillation amplitude may occur. The frequencies,
at which such “jumps” in amplitude occur depend on the frequency scanning directions [23,24]. When the excitation is applied at discrete
frequencies and is not scanned [19], the frequency where a jump in amplitude occurs is not easily determined. However, large jumps in
amplitude with small changes in excitation frequency are still possible for discrete excitation frequencies [19]. In principle, these sudden
jumps can be used to produce high mass resolution in isolating ions [25].

The addition of a hexapole or octopole field to a linear quadrupole adds cubic or quartic terms to the potential. As discussed by Konenkov
et al. [21] and Michaud et al. [19] respectively, analytical expressions given by Landau and Lifshitz can be used to calculate the frequency
shifts caused by the added multipoles in these cases. Michaud et al. noted that several authors have stated that field distortions in 3D traps
can cause shifts of the ion oscillation frequency [26–29] but in general the magnitude or signs of the shifts were not related to the multipole
amplitudes. Sevugarajan and Menon [30] calculated the frequency shifts of the z motion in 3D traps with added hexapole or octopole fields
for the case where there is no damping, and derived the formula given by Landau and Lifshitz. The frequency shifts in quadrupole ion traps
caused by multipole fields higher than an octopole, or combinations of higher multipole fields have not been reported in the literature.
Michaud et al. [19] investigated the bistable behavior in a linear quadrupole with a 4% added octopole field through fragmentation of
reserpine ions induced by dipolar excitation. A plot of the precursor ion intensity versus excitation frequency (a “depletion peak”) was
expected to show bistable behavior on the low frequency side with excitation between the y rods (the larger rods), and bistable behavior
on the high frequency side with excitation between the x rods (the smaller rods). However, bistable behavior was only observed with
excitation between the y rods, while a relatively smooth and symmetric depletion curve was observed with excitation between the x rods.
The higher order multipole amplitudes, though on the order of A2 × 10−3 or less, were suspected of having non-negligible effects. In an
effort to better understand these experimental observations, and in an effort to find combinations of multipoles that can provide bistable
behavior, we have investigated the frequency shifts and resulting bistable behavior for quadrupoles that have added higher multipoles and
combinations of higher multipoles.

We present a theoretical analysis of ion motion in a linear quadrupole ion trap incorporating one or more weak, even order, multipoles.
The ions are excited by a dipole field and damped by collisions with a background gas. Because of the nonlinear fields, ion motions in the
x and y directions are generally coupled. However the motions along the x and y axes are not coupled. We consider only ion motion along
the x and y axes in a pseudopotential approximation. Collisions are modeled as a continuous drag force. A multiple time scales method is
used to solve the equations of motion with a first order perturbation correction. Analytical relations between the oscillation amplitudes at
steady state (the stationary amplitudes) and excitation frequency are calculated. The frequency response curves show that in some cases
bistable behavior might be obtained, i.e., there are two stable amplitudes for a given excitation frequency.

2. Theory

2.1. Equations of motion

With higher multipoles, the motion of an ion in the potential given by Eq. (2) is very complex. We consider the ion motion in the effective,
or time independent pseudopotential which derives from Eq. (2) which can be written as [31]:

Veff(xr, yr) = ze

4m˝2

[(
∂˚(xr, yr)

∂xr

)2

+
(

∂˚(xr, yr)
∂yr

)2
]

= zeV2
rf

4 m˝2r2
0

[
4A2

2
x2

r + y2
r

r2
0

+16A2A4
x4

r − y4
r

r4
0

+ (16A2
4 + 24A2A6)

x6
r + y6

r

r6
0

+ · · · .

]
(3)

where z is the number of charges on the ion, e is the electron charge, and m is the mass of the ion. With dipole excitation and damping due
to collisions with the background gas, the equation of motion of an ion in the effective potential Veff(xr, yr) can be written as:

m
d2�r
dt2

r

= −ze �∇Veff(xr, yr) − �
d�r
dtr

+ ze�Ed cos ωextr, (4)
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where �r is the ion position vector, �Ed is the electric field strength of the dipole excitation, ωex = 2�fex is the angular frequency of dipole
excitation, and � is the damping coefficient which can be expressed as [19]

� = 3.01�nm2

√
2kBT/m2

2
(5)

with � the collision cross section of the ion, m2 the mass of the buffer gas, n the number density of the background gas, kB Boltzmann’s
constant, and T the gas temperature. Eq. (4) includes only the dipole excitation field (the dominant excitation field). A real rod set with
additional higher multipoles will also have higher order multipole contributions to the excitation field.

Define x = xr/r0, y = yr/r0 as the dimensionless x and y coordinates, t = ω0tr and ω = ωex/ω0 as the dimensionless time and excitation
frequency. Here ω0 is the secular frequency in a pure quadrupole field given by

ω0 = 2�f0 = qA2√
8

˝ (6)

where q = 4zeVrf/m˝2r2
0 is a dimensionless Mathieu parameter.

Substituting these dimensionless variables into Eq. (4) and separating the quadrupole term from the higher multipoles gives the
equations of motion of an ion along the x and y axes:

d2x

dt2
+ �

dx

dt
+ x + Hx(x) = 	x cos(ωt) (7)

d2y

dt2
+ �

dy

dt
+ y + Hy(y) = 	y cos(ωt) (8)

where the forms of the nonlinear functions Hx(x) and Hy(y) are determined by the higher multipoles present. The dimensionless damping
constant � and dipole excitation strengths 	x and 	y are defined as:

� = �

mω0
= 3.01�P

√
2m2/kBT

2mω0
(9)

	x = ze

mω2
0r0

Ed
x ≈ zeA1xVex

mω2
0r2

0

(10)

	y = ze

mω2
0r0

Ed
y ≈ zeA1yVex

mω2
0r2

0

(11)

where P is the background gas pressure, A1x and A1y are constants which depend on the rod geometry, and Vex is the zero to peak dipole
excitation voltage (pole to ground).

2.2. Round rod quadrupoles with added octopole fields

Eqs. (7) and (8) are general forms for ion motion along the x and y axes when higher multipoles are added to the quadrupole field. Here
we consider a quadrupole with an added octopole field used in our previous experimental investigations [19]. The ratio Ry/Rx (Rx = r0)
and multipole amplitudes up to and including A10 of this rod set are listed in Table 1. For such a quadrupole, for which the electrodes are
symmetric about the x and y axes [20], the resulting multipoles are all even orders. As a result, the two nonlinear functions in Eqs. (7) and
(8) take the following forms:

Hx(x) = B3x3 + B5x5 + B7x7 + B9x9 + B11x11 + B13x13 + · · · , (12a)

Hy(y) = −B3y3 + B5y5 − B7y7 + B9y9 − B11y11 + B13y13 + · · · , (12b)

where the coefficients are determined by the specific values of the multipoles,

B3 = 8A2A4

A2
2

, (13a)

B5 = 12A2
4 + 18A2A6

A2
2

, (13b)

B7 = 48A4A6 + 32A2A8

A2
2

, (13c)

B9 = 50A2A10 + 45A2
6 + 80A4A8

A2
2

, (13d)

Table 1
The dimensionless multipole amplitudes An for a round rod quadrupole with 4.0% added octopole

Ry/Rx A0 A2 A4 A6 A8 A10

1.516 −0.040366 1.0056 0.039889 −0.0029836 0.00085715 −0.0023215
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Table 2
The nonlinear coefficients Bi for a quadrupole with a 4.0% added octopole field

B3 B5 B7 B9 B11 B13

0.317343 −0.0345241 0.0216271 −0.112330 −0.0113536 0.00151983

B11 = 120A4A10 + 144A6A8

A2
2

, (13e)

B13 = 210A6A10 + 112A2
8

A2
2

. (13f)

For a quadrupole with 4.0% added octopole field (Table 1), these coefficients are listed in Table 2.
To investigate how the higher multipoles affect the ion motion, we keep only terms up to and including B13. This cutoff is somewhat

arbitrary. Substituting Eqs. (12a) and (12b) into Eqs. (7) and (8) yields the equations of motion for an ion in a quadrupole with even added
multipole fields.

d2x

dt2
+ �

dx

dt
+ x + B3x3 + B5x5 + B7x7 + B9x9 + B11x11 + B13x13 = 	x cos(ωt) (14)

d2y

dt2
+ �

dy

dt
+ y − B3y3 + B5y5 − B7y7 + B9y9 − B11y11 + B13y13 = 	y cos(ωt) (15)

Note Eqs. (14) and (15) are nearly the same. They only differ in the signs of B3, B7, and B11. Therefore, we solve and discuss the solutions of
Eq. (14), and simply state those for Eq. (15) by changing the signs of the coefficients B3, B7, and B11.

2.3. Solutions of the equations of motion

Eq. (14) is that of a damped nearly harmonic oscillator with nonlinear distortions to the force. No exact analytical solution can be
found. An approximate solution can be found using perturbation methods. In order to properly order the terms in Eq. (14), we estimate the
coefficients for our experiments, where ˝ = 2� × 7.68 × 105 rad/s, r0 = 4.5 mm, m/z = 609, A2 ≈ 1 as in Table 1. For q = 0.2, the angular
secular frequency given by Eq. (6) is

ω0 ≈ 3.45 × 105 rad/s (16)

For reserpine ions, the collision cross section is � = 280 Å2[32]. At a pressure P = 1 mTorr, or 0.27 Pa, with nitrogen as the collision gas,
m2 = 28 × 1.66 × 10−27kg, and T = 295 K [19] Eq. (9) yields

� ≈ 7.69 × 10−3 � 1 (17)

For dipole excitation with Vex = 100 mV, the excitation strength, defined by Eq. (10), is

	x = 	y ≈ 6.55 × 10−3 � 1 (18)

where for simplicity, we take A1x = A1y = 1.
Based on these estimates, Eq. (14) can be rewritten as

d2x

dt2
+ ε�

dx

dt
+ x + εHx(x) = ε	x cos(ωt) (19)

where ε is of no physical meaning, and is only used to denote the order of the terms.
The perturbation method of multiple time scales is used to find an approximate solution for Eq. (19) [33,34]. In this method, two

independently varying time scales are assumed. The fast time scale is the normal time T0 = t, and the first order slow time scale is T1 = εT0.
Keeping only these two time scales we seek an approximate solution of the form

x = x(T0, T1) = x0(T0, T1) + ε · x1(T0, T1) (20)

Denote the time derivatives as D0 = d/dT0 and D1 = d/dT1. Inserting Eq. (20) into Eq. (19) and equating like terms according to the order
of ε:

ε0 : D2
0x0 + x0 = 0 (21)

ε1 : D2
0x1 + x1 = −2D0D1x0 − �D0x0 − Hx(x0) + 	x cos(ωT0) (22)

Eq. (21) is that of a simple harmonic oscillator with solution

x0(T0, T1) = A(T1) cos(T0 + �(T1)) (23)

where A(T1) and �(T1) are functions of the time scale T1 and can be determined by removing secular terms in Eq. (22). For the near resonant
excitation case, the excitation frequency is close to the secular frequency:

ω = 1 + ε · �ωx (24)
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Substituting Eqs. (23) and (24) into the right hand side of Eq. (22), the following equation is obtained.

D2
0x1 + x1 = 2

dA

dT1
sin (T0 + �) + 2A

d�

dT1
cos (T0 + �) + �A sin (T0 + �) − B3A3

4
[3 cos (T0 + �) + cos 3(T0 + �)]

− B5A5

16
[10 cos (T0 + �) + 5 cos 3(T0 + �) + cos 5(T0 + �)] − B7A7

64
[35 cos (T0 + �) + 21 cos 3(T0 + �)

+7 cos 5(T0 + �) + cos 7(T0 + �)] − B9A9

256
[126 cos (T0 + �) + 84 cos 3(T0 + �) + 36 cos 5(T0 + �)

+9 cos 7(T0 + �) + cos 9(T0 + �)] − B11A11

1024
[462 cos (T0 + �) + 330 cos 3(T0 + �)

+165 cos 5(T0 + �) + 55 cos 7(T0 + �) + 11 cos 9(T0 + �) + cos 11(T0 + �)] − B13A13

4096
[1716 cos (T0 + �)

+1287 cos 3(T0 + �) + 715 cos 5(T0 + �) + 286 cos 7(T0 + �) + 78 cos 9(T0 + �) + 13 cos 11(T0 + �) + cos 13(T0 + �)]

+	x cos (T0 + �) cos (�ωx · T1 − �) − 	x sin (T0 + �) sin (�ωx · T1 − �) (25)

Setting coefficients of the terms cos (T0 + �) and sin (T0 + �) (the secular terms) to zero yields two differential equations:

2
dA

dT1
+ �A = 	x sin(�ωx · T1 − �) (26a)

2A
d�

dT1
− 3B3

4
A3 − 10B5

16
A5 − 35B7

64
A7 − 126B9

256
A9 − 462B11

1024
A11 − 1716B13

4096
A13 = −	x cos(�ωx · T1 − �) (26b)

Let 
 = � − �ωxT1, then d
/dT1 = (d�/dT1) − �ωx. For stationary solutions, neither the amplitude nor the phase should vary with
time, i.e., d
/dT1 = 0 and dA/dT1 = 0. Substituting these back into Eq. (26), we obtain a relation between the stationary amplitude (denoted
Ae) and the frequency shift

�ωx± = ±1
2

√(
	x

Ae

)2
− �2 + 3B3

8
A2

e + 10B5

32
A4

e + 35B7

128
A6

e + 126B9

512
A8

e + 462B11

2048
A10

e + 1716B13

8192
A12

e (27)

where the subscripts ± corresponds to the ± signs in front of
√

(	x/Ae)2 − �2.
For the frequency shift to be real, the driving and damping have to satisfy,

	x

Ae
≥ � (28)

It directly follows, that the maximum possible stationary amplitude is determined only by the ratio of the driving and damping strength
for a given set of multipoles An.

AeMax = 	x

�
(29)

The frequency shift corresponding to AeMax is determined by

�ωxMax = 3B3

8
A2

e + 5B5

16
A4

e + 35B7

128
A6

e + 126B9

512
A8

e + 462B11

2048
A10

e + 1716B13

8192
A12

e (30)

3. Results and discussion

The plot of the stationary oscillation amplitude versus the excitation frequency, or its difference from the resonant frequency ω0, is called
the frequency response for given 	x and � [34]. For convenience we first find an equation for dω/dAe. After rearranging terms, we square
Eq. (27) and then take the derivative of ω with respect to the stationary amplitude Ae to obtain the following equation when dω/dAe = 0:(

	2
x

�2A2
e

− 1

)(
3B3

2
+ 5B5

2
A2

e + 105B7

32
A4

e +63B9

16
A6

e + 1155B11

256
A8

e + 1287B13

256
A10

e

)2
− 	4

x

�2A8
e

= 0 (31)

3.1. A2 plus one or more A4n 
= 0

For a quadrupole incorporating a weak octopole field and no other multipoles, the only nonzero nonlinear terms are the terms with
coefficients B3 and B5; all the other nonlinear terms have coefficients Bi>5 = 0. The amplitude B5 is about an order of magnitude smaller than
B3. For example, if A2 = 1.0 and A4 = 0.04, then B3 = 0.32 and B5 = 0.0192. In addition, B5 is the coefficient of a higher order nonlinearity
(x5) which has the largest effect when the ion position x ≈ 1. Ions inside a quadrupole have x ≤ 1. Therefore, we may expect the cubic
nonlinearity to dominate. This results in a case similar to that of a cubic nonlinearity only, as in Refs. [22,34].

For given driving and damping forces, the shape of the frequency response curve depends on the sign and magnitude of the nonlinearity.
Fig. 1 shows the frequency response curves for various amounts of added octopole field. The parameters ˝ and r0 are chosen to match
those used in our experiments. The ion is protonated reserpine (m/z = 609).

When the nonlinearity is zero, the frequency response curve is centered at the resonant frequency ω0, and the relation between Ae and
ω (or f) is single-valued. In the presence of the nonlinearity, the frequency response bends away from that with no nonlinearity; the higher
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Fig. 1. Frequency response with multipole amplitudes A2 = 1.0, A4 = 0.000, 0.005, 0.015, 0.030, and all the other An = 0.0. A1x = 1.0, P = 1.0 mTorr, Vex = 153 mV, f0 =
54.323 kHz, and q = 0.20.

the nonlinearity, the greater the bending. This bending of the frequency response results in a multivalued dependence of the stationary
amplitude Ae on the resonant frequency, for instance, when A4 = 0.030 and f − f0 ≥ 1.05 kHz. However, not all the stationary amplitudes
are stable. The stability of the Ae can be determined by analyzing the eigenvalues of the Jacobian matrix of Eq. (26) for each of the (Ae, f )
pairs [35]. Usually this can be done for each of the branches of the frequency response curve. When one or more of the eigenvalues has a
positive real part, the solution is unstable, otherwise stable. In Fig. 1, for the curves with A4 = 0.015 and 0.030 only, the stable and unstable
solutions are indicated by the solid and dash dot lines, respectively. Bistable behavior can arise for frequencies for which there are two
stable stationary amplitudes.

The direction that the frequency response curve bends depends on the sign of the nonlinearity. Fig. 2(a) shows the relation of the
stationary amplitude versus the shift from the secular frequency for a quadrupole with A4 = 0.04. The responses for both the x and y
directions are plotted. Recall from Eq. (12a) and (12b) the nonlinearities are +B3 and −B3 for the x and y directions, respectively. It is also
apparent from Fig. 2(a), for a quadrupole with A2 and A4 only, the frequency response curves in the x and y directions are nearly mirror
images. Note both the nonzero terms B3 and B5 are included. As mentioned earlier, the influence of the term B5 is very small. For these
conditions, when Ae = 0.5, the term in B5 contributes only about 1% of the frequency shift. For comparison Fig. 2(b) illustrates the frequency
response of a quadrupole with A2 = 1.0 and A8 = 0.04 only. The main difference between the influence of A4 and A8 is that the presence
of A8 is only observed at larger oscillation amplitudes. This is to be expected for a higher order nonlinearity. For the same amount of
nonlinearity, driving, and damping, the frequency range for which bistability occurs is smaller for the A2, A8 only quadrupole.

The effect of damping for a given dipole excitation amplitude is illustrated in Fig. 3, which shows the frequency response for different
pressures of the background gas. There is a minimum damping, related to the excitation strength, required for the occurrence of bistable
behavior. For instance, Vex = 30 mV is insufficient to give bistable behavior at 1 mTorr. At a lower pressure the same excitation amplitude
gives bistable behavior. The smaller the damping, the larger the maximum stationary amplitude, and the wider the frequency range over
which bistability may occur. The width of the response curve does not vary much over this range of pressures.

The effect of excitation amplitude at a pressure of 0.2 mTorr is illustrated in Fig. 4. Increasing excitation strength for a given damping has
an effect similar to decreasing damping for a given excitation strength. The main difference lies in the more rapid increase in the width of
the frequency response curve for smaller Ae. For instance, when the excitation amplitude is increased from Vex = 30 mV to Vex = 60 mV (a
factor of two), the change of the frequency response width is much larger than when the pressure was reduced from 1 mTorr to 0.5 mTorr
(a factor of two). This is the result of the term

√
	2

x /A2
e − �2. For Ae < 1, the driving term 	x is multiplied by a factor 1/Ae > 1.

The occurrence of bistability for a given set of parameters is indicated by the bending of the frequency response curve. Since at the
bending points the condition dω/dAe = 0 holds, the minimum excitation voltage required for bistability can be derived from Eq. (31). In
general, if there is a real solution to Eq. (31), bistability occurs. In the case of A2 and A4 only, neglecting B5, Eq. (31) simplifies to

g(�) = �4 − CB3 � + CB3 = 0, (32)

where

� = 	2
x

�2A2
e

=
(

AeMax

Ae

)2

(33)

and therefore � ≥ 1, and

CB3 = 9	4
x B2

3

4�6
> 0 (34)

where CB3 is a constant determined by the added octopole amplitude, the dipole excitation strength, and the damping strength. The
nonlinear resonance causes bistability if there is a root to Eq. (32).
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Fig. 2. Frequency response curves with (a) A2 = 1, A4 = 0.04, and all the other An = 0; (b) A2 = 1, A8 = 0.04, and all the other An = 0. Both are calculated for q = 0.20,
P = 1 mTorr, Vex = 153 mV, and f0 = 54.323 kHz. All the nonzero coefficients Bi are included.

Fig. 3. Frequency response curves of a quadrupole with A2 = 1.0, A4 = 0.04, and all the other An = 0 at different pressures with Vex = 30 mV, f0 = 54.323 kHz.
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Fig. 4. Frequency response curves of a quadrupole with A2 = 1.0, A4 = 0.04, and all the other An = 0 for different excitation amplitudes. P = 0.2 mTorr, Vex = 7.5, 30, and
60 mV, and f0 = 54.323 kHz.

The equation

dg(�)
d�

= 4�3 − CB3 = 0 (35)

gives a local extremum of g(�) at �m = 3
√

CB3 /4 > 0; and since dg2(�m)/d�2 > 0, we get a minimum gmin(�m).
Asymptotically, g(�min = 1) = 1, and g(� → ∞) ≈ �4 > 0. It can be concluded that there will be roots to Eq. (32) if gmin(�m) < 0. In order

for the frequency response curve to bend, gmin(�m) ≥ 4/3 has to hold, or equivalently

3

√
CB3

4
= 3

√
9	4

x B2
3

16�6
≥ 4

3
. (36)

Using the parameters as defined in Eqs. (9) and (10) and taking the equal sign from the above equation, the critical condition for
bistability can be obtained

VB3,min = r0Ed
c (37a)

VB3,min =
(

4

9
√

3

)1/2
�3/2

(
A2

A4

)1/2 mr2
0 ω2

0
zeA1x

(37b)

where eEd
c stands for the critical dipole driving force to give bistability for a given set of quadrupole and added octopole fields with damping.

Note Eq. (37) coincides with that given by Landau and Lifshitz [22], and further discussed by Michaud et al. [19]. The frequency shift at the
critical point is

ωc = ±
√

3B3

4
Ac = ± 9

64
	2

x

�2
B3 (38)

For the case of A2 = 1.0 and A4 = 0.04 only, for a reserpine ion (m/z = 609) collisionally cooled by 2 mTorr N2 at T = 295 K, with q = 0.20,
then VB3,min ≈ 73/A1x mV, zero to peak and pole to ground.

It is readily deduced that for a quadrupole with weak multipoles A4n only, because of the resulting opposite signs in front of the nonzero
coefficients B3, B5, and B7 for the x and y directions, the frequency response curves are mirror images for the x and y directions, as is the
resulting bistable behavior. However, this does not mean the frequency response curves, caused by different nonlinear terms, bend in the
same direction. The bending direction is determined by the signs and magnitudes of each of the terms Bi. Fig. 5 shows an example. In
Fig. 5(a), A4 and A8 have the same sign and the nonlinear terms B3 and B7 have the same sign. Both the A4 and A8 terms cause the frequency
response curves to bend to the higher/lower frequency side for the x/y direction. In Fig. 5(b) A8 < 0, so the terms B3 and B7 have opposite
signs. When the oscillation amplitude is small, the frequency response curve first bends in the direction determined by the term A4; then
at higher oscillation amplitudes it turns around and bends in the opposite direction because of the 16-pole term A8. When the A4n have the
same sign, the higher multipoles all cause frequency shifts in the same direction and reinforce the effects of each other, as in Fig. 5(a). Here
all the multipoles produce a shift to higher frequency for the x motion and to lower frequency for the y motion. When some of the higher
A4n differ in sign, the different multipoles produce shifts of opposite sign for excitation in a given direction, and to some extent counteract
the effects of each other, as in Fig. 5(b). This reduces the range of frequencies and operating conditions over which bistable behavior might
be obtained. Thus to produce bistable behavior on both the low and high frequency sides of a response curve, quadrupoles with A4n 
= 0
and all the A4n of the same sign might be preferred.

A quadrupole with A2 and one or more of A4n 
= 0 can always be constructed from electrodes that have surfaces determined by

A2(x2 − y2) +
N∑

n=1

A4n�4n = ±1, (39)
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Fig. 5. Frequency response curves with (a) A2 = 1, A4 = 0.04, A8 = 0.04, and all other An = 0; (b) A2 = 1, A4 = 0.04, A8 = −0.04, and all other An = 0. Both are calculated for
q = 0.20, P = 1 mTorr, Vex = 153 mV, and f0 = 54.323 kHz. All the nonzero coefficients Bi are included.

where �4n can be found from Eq. (1).

3.2. A2 plus one or more A4n+2 
= 0 only

The general effect of damping and excitation strength on the frequency response for A2 and one or more A4n 
= 0 in Section 3.1 applies
to quadrupoles with A2 and one or more A4n+2 
= 0. The main difference for a quadrupole incorporating one or more A4n+2 is that the
frequency response curves for the x and y directions are identical. The direction that the frequency response curves bend is determined by
the signs of the nonlinear coefficients Bi. Fig. 6(a) shows a response curve of a quadrupole with A2 and A6 
= 0; while Fig. 6(b) an example
of a quadrupole with A2 and A10 
= 0 and all the other An = 0. In this case bistable behavior might be obtained, but only on one side of the
frequency response curve.

As with a quadrupole with only an added octopole field, the minimum excitation voltage required for bistability to occur for a quadrupole
with A2 and a small amount of A6 only can be derived as follows. In this case B5 
= 0, all the other coefficients Bi are negligible or zero, and
Eq. (31) becomes

g(�) = �6 − CB5 � + CB5 = 0 (40)

where � is the same as in Eq. (33), and the constant CB5 is

CB5 = 25B2
5

4
	8

x

�10
(41)

By definition, � ∈ (�min = 1, �max = +∞) and

g(�min) = 1 > 0 (42a)

asymptotically

g(+∞) ∝ �6 > 0 (42b)
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Fig. 6. Frequency response curves with (a) A2 = 1, A6 = 0.04, and all other An = 0; (b) A2 = 1, A10 = 0.04, and all other An = 0. Both are calculated for q = 0.20, P = 1 mTorr
Vex = 153 mV, and f0 = 54.323 kHz. All the nonzero coefficients Bi are included. The frequency response curves for the x and y directions are identical.

In order for a root of Eq. (40) to exist, there has to be at least one local negative extremum for the function of g(�) as in Eq. (40). To find
the conditions for such a local extremum, letting

dg(�)
d�

= 0, (43)

yields a single local extremum at �m = (CB5 /6)1/5; and since at this extremum g(�m) = CB5 [1 − (5/6)(CB5 /6)1/5] ≤ 0 has to hold, it yields
the condition(

CB5

6

)1/5

≥ 6
5

. (44)

Furthermore, as the only local extremum, taking into consideration the asymptotic behavior, it will have to be a minimum. This translates
into letting

d2g(�m)
d�2

= 30

(
CB5

6

)4/5

≥ 0, (45)

Since this is always true, �m must be a negative local minimum.
In short, Eq. (44) is the condition for the occurrence of bistability. Using the parameters defined in Eqs. (9)–(11) and taking the equal

sign, the minimum excitation voltage required for bistability to occur is

VB5,min = r0Ed
c (46a)

VB5,min = 2
5

(
45
4

)1/8
�5/4

(
A2

A6

)1/4 mr2
0 ω2

0
zeA1x

(46b)
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Fig. 7. Frequency response curves with (a) A2 = 1, A4 = 0.04, A6 = 0.04, and all the other An = 0; (b) A2 = 1, A4 = 0.04, A6 = −0.04, and all the other An = 0. Both are calculated
for q = 0.20, P = 1 mTorr, Vex = 153 mV, and f0 = 54.323 kHz.

For the case of A2 = 1.0 and A6 = 0.04 only, for reserpine ions (m/z = 609) collisionally cooled by 2 mTorr N2 at T = 295 K, and with q = 0.20,
then VB5,min ≈ 100/A1x mV, zero to peak and pole to ground. This value is larger than that of the case of A2 and A4 only with the same
operating conditions. The higher excitation voltage required to produce bistability is characteristic of a higher order nonlinear process.

3.3. Round rod quadrupoles

With both A4n 
= 0 and A4n+2 
= 0, the frequency responses are asymmetric in the x and y directions. This is shown in Fig. 7(a), where A4
and A6 are the same sign, and Fig. 7(b), where A4 and A6 have opposite signs.

For a quadrupole with an added octopole field constructed from round rods, the dominating higher order multipole is the octopole
(Table 1). If the effects of the higher multipoles with much smaller An can be neglected, symmetric responses for the x and y directions
are expected (like a quadrupole with only A2 
= 0 and A4 
= 0). However this is not generally the case. Calculated response curves for a
quadrupole with 4% added octopole and the multipole amplitudes of Table 1 are shown in Fig. 8. Since the y rods are larger than the x
rods, when the same excitation voltage is applied, slightly different excitation strengths are seen by the ions. From the different frequency
response curves for the x and y directions, it is clear the effects of the higher order multipoles are not negligible in this case. Because the
maximum oscillation amplitudes (ca. 4.5 mm) are near r0, the higher multipoles influence the ion motion. Calculated response curves for
the experiment of Michaud et al. [19] are shown in Fig. 9. Here the maximum oscillation amplitudes (ca. 2.4 mm) are substantially lower
than r0, and the curves for the x and y directions are approximately symmetric. Despite these curves, the experiments showed bistable
behavior (or at least strongly asymmetric depletion peaks) with excitation in y, but not in x. Thus these calculations of the stationary
amplitudes are not, in themselves, sufficient to predict the occurrence of bistable behavior in a given experiment. Where there are two
stable solutions for the oscillation amplitude at a give excitation frequency, the initial conditions and dynamics of the ion motion will
determine the stationary amplitudes of an ion. For an ensemble of ions with a distribution of initial conditions, the effects of the bistable
behavior of individual ions may not be seen.
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Fig. 8. Frequency response curves for a round rod quadrupole with 4% added octopole field, with q = 0.20, P = 0.2 mTorr, Vex = 30 mV, A1x = 0.775, A1y = 0.826, and f0 =
54.959 kHz.

Fig. 9. Frequency response curves for a round rod quadrupole with 4% added octopole field, with q = 0.20, P = 2.0 mTorr, Vex = 153 mV, A1x = 0.775, A1y = 0.826, and
f0 = 54.959 kHz.

4. Summary

The method of multiple time scales has been used to calculate frequency response curves for ions with dipole excitation in linear
quadrupoles with small amounts of higher multipoles added to the potential. Ion motion along the x axis (y = 0) and y axis (x = 0) is
calculated within the pseudopotential approximation. Multipoles up to n = 10 (the twenty pole term) were included in the calculation,
but the method could be extended to include higher multipoles. The method could also be used to calculate frequency response curves for
ion motion in other geometry ion traps, for example, truncated 3D hyperbolic, rectilinear, cylindrical, and halo ion traps.

The calculations show that the effects of higher order multipoles with amplitudes A2 × 10−3 are non-negligible. In some cases there is
more than one solution for the stationary amplitude at a given excitation frequency, so that bistable behavior might be seen. To produce
bistable behavior on both the low and high frequency sides of a response curve, in order to provide a method for isolating ions with high
mass resolution, a quadrupole with multipoles A4n 
= 0 with all A4n of the same sign is preferred. In this case the higher multipoles all cause
frequency shifts in the same direction; for example to higher frequency for the x motion and to lower frequency for the y motion when the
A4n > 0. Conversely a quadrupole with only multipoles A4n+2 > 0 has frequency shifts in the same directions for both the x and y motions,
and so will not produce bistable behavior on both the low and high frequency sides of a response curve. Comparison of calculated response
curves of a round rod quadrupole with 4% added octopole field to experiments by Michaud et al. [19] shows that even when the response
curves show possible bistable behavior, such behavior may not be seen in experiments. Detailed consideration of the dynamics and initial
conditions of the ions may be necessary.

To more directly probe response curves for these nonlinear resonances it is beneficial to use a non-destructive method such as laser
induced fluorescence of atomic ions, as in Ref. [36]. Because atomic ions do not fragment, the interpretation of the experiments is more
straightforward. Such experiments might also be used to investigate hysteresis effects [9,33,34] in the response curves.
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